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Reduction of Frequency-dependent Light Shifts in Light-narrowing Regimes: A Study
Using Effective Master Equations
Yue Chang,∗ Yu-Hao Guo, and Jie Qin†
Alkali-metal-vapor magnetometers, using coherent precession of polarized atomic spins for mag-
netic field measurement, have become one of the most sensitive magnetic field detectors. Their ap-
plication areas range from practical uses such as detections of NMR signals to fundamental physics
research such as searches for permanent electric dipole moments. One of the main noise sources of
atomic magnetometers comes from the light shift that depends on the frequency of the pump laser.
In this work, we theoretically study the light shift, taking into account the relaxation due to the
optical pumping and the collision between alkali atoms and between alkali atoms and the buffer gas.
Starting from a full master equation containing both the ground and excited states, we adiabatically
eliminate the excited states and obtain an effective master equation in the ground-state subspace
that shows an intuitive picture and dramatically accelerates the numerical simulation. Solving this
effective master equation, we find that in the light-narrowing regime, where the line width is re-
duced while the coherent precession signal is enhanced, the frequency-dependence of the light shift is
largely reduced, which agrees with experimental observations in cesium magnetometers. Since this
effective master equation is general and is easily solved, it can be applied to an extensive parameter
regime, and also to study other physical problems in alkali-metal-vapor magnetometers, such as
heading errors.
PACS numbers: 32.70.Jz, 32.60.+i, 42.50.Ct
I. INTRODUCTION
Alkali-metal-vapor atomic magnetometers [1–3], which
have become one of the most sensitive devices for mag-
netic field detection, find applications in various areas
ranging from practical uses such as NMR signal detection
[3–6] to fundamental physics research such as searches for
permanent electric dipole moments [7–9]. The physics
behind atomic magnetometers is as follows: polarized
atomic spins precess along the magnetic field to be mea-
sured, and its precession angle, or the so-called Larmor
frequency that can be measured, is proportional to the
magnitude of the magnetic field. To have a collective
spin precession for measurement, the electronic spins are
polarized by optical pumping [10–13]. However, in the
measurement of the Larmor frequency, the light shift,
resulting from the interaction of light (the pump beam
here) and matter, behaves as an effective magnetic field
to the atomic spins, and subsequently shifts its preces-
sion frequency [14–18]. This light shift is dependent on
the intensity and frequency of the pump laser. There-
fore, it will decrease the measurement accuracy if the
pump beam’s frequency has fluctuations. One way to
reduce this frequency dependence of the light shift is to
decrease the pump beam’s intensity, or to increase the
line broadenings of the alkali atoms’ excited states, but
both will lower the atomic polarization, which reduces
the precession signal.
Recently, we have found that in cesium vapor mag-
netometers with buffer gas N2 [19], without tuning the
∗ yuechang7@gmail.com
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pump beam’s intensity or the excited states’ lifetimes,
the light shift’s dependence on the laser frequency can
be greatly reduced in the light-narrowing regime [20, 21],
in which the line width of the spin precession signal is
narrowed and the fundamental sensitivity [21, 22], which
is inversely proportional to the square root of the spin’s
transverse relaxation time, is improved, which further
improves the measurement accuracy.
In the experimental setup shown in Fig. 1(a), an
atomic cell containing cesium atoms and nitrogen gas
(buffer gas) is illuminated by a circularly polarized pump
laser propagating along the z-direction. The magnetic
field ~B0 to be measured is also in the z-direction, and an
oscillating magnetic field along the x-direction is gener-
ated by two RF coils to induce atomic spin polarizations
in the x-direction, which are reconstructed by measuring
the optical rotation of a linearly polarized probe laser
propagating in the x-direction. The energy levels of an
alkali atom are shown in Fig. 1(b), where the electrons’
fine structure energy levels are denoted by 2S1/2 for the
ground states and 2P1/2 for the excited states. These fine
structure levels are further split by hyperfine interaction,
with ∆S (∆P) the splitting between the two multiplets
F = a ≡ I+1/2 and F = b ≡ I−1/2 states in the ground
(first excited) states. Here, only the D1 transition [23] is
under consideration, since the pump laser is nearly res-
onant with the transition frequency between the ground
states and first excited states (the definition of the de-
tuning ∆ is shown in Fig. 1(b)), and the probe laser is
not taken into account in the optical pumping process
since it is far detuned from both the D1 and D2 transi-
tions (about 80 GHz blue detuned from the D2 transition,
with the laser power around 10 mW). With the magnetic
field, the magnetic levels for cesium atoms are shown in
Fig. 1(c), with the Larmor frequency ωL . Note that all
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2the frequencies in this paper are the regular frequencies
and not the angular ones.
For the mechanism of this frequency-dependent light-
shift reduction, an intuitive picture is as follows. In
the light-narrowing regime with ∆ = 0, the b ground
states are pumped strongly and the alkali atoms mainly
populate the a ground state, where most of the mag-
netic resonance is generated and probed. Considering
the Lorentzian form of the AC Stark shift [24] for a sin-
gle state, one might conclude that the dependence of the
light shift on the pump beam’s frequency is reduced be-
cause of the large hyperfine splitting ∆S in the ground
state (compared with the line width of the excited states).
Note that we do not choose the probe laser’s frequency
so that it only measures the magnetic resonance from
the a multiplet. Actually, the only function of the probe
laser is to measure the response of the atomic spin to
the oscillating magnetic field. The fact that the states
being pumped differ from the states where most of the
spin precession signal is generated arises naturally in the
light-narrowing regime with properly tuned pump laser
powers.
However, the atomic ground states are incoherently
coupled to each other by the light-matter interaction and
atomic collisions, so that the light shift cannot be simply
written as a Lorentzian or a sum of Lorentzians. Thus
we use the master equation to study the light shift in a
general alkali-metal-vapor atomic magnetometer, taking
into account the light-matter interaction and the relax-
ation due to collisions between alkali atoms and between
alkali atoms and buffer gas [16]. The interaction between
the pump light and the alkali atoms is modeled using the
dipole approximation and rotating-wave approximation
[25, 26]. This master equation appeared in some early
textbooks and papers [10, 12], but it is not easily solved
because of its nonlinearity (caused by the mean field ap-
proximation for the spin-exchange interaction) and its
large superspace [10, 12, 26]. (The full master equation
is in a Hilbert space consisting of all the ground and
first excited states.) Thus we adiabatically eliminate the
excited states in the weak-driving limit, where the Rabi
frequency–the coupling strength between the ground and
excited states–is much smaller than the excited states’
decay rates, to acquire an effective master equation in
a subspace consisting of only the ground states. This
can dramatically decrease the calculation power and time
needed to solve the nonlinear master equation, and it ex-
plicitly shows the intuitive picture of the reduction of
the light-shift dependence on the frequency, as well as
the light-narrowing effect [20]. With little cost of calcu-
lation, the light shift and line width obtained by solving
this effective master equation and using linear response
theory [27] agree well with the experimental data.
The rest of this paper is organized as follows. In section
II, we model the system by a full master equation for the
density matrix evolution of the alkali atoms, including all
the ground states and the first excited states. Starting
from this full master equation, in section III, we adia-
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FIG. 1. (a) Experimental setup of the alkali-metal-vapor mag-
netometer. The magnetic field ~B0 to be measured is in the
z-direction, and a pump laser (the red arrow), also propa-
gating in the z-direction with circular polarization, is applied
to polarize the atomic spins to the z-direction. An oscillat-
ing magnetic field along the x-direction is produced by two
RF coils, and the resultant x-directional atomic spin polariza-
tion is probed by a linearly polarized laser (the green arrow)
along the x-direction using its optical rotation. Note that
the frequency of the probe laser is about 80 GHz blue de-
tuned from the D2 transition, with the laser power around
10 mW, so it is a good approximation that the probe laser is
not taken into account in the optical pumping process. (b)
Schematic of the alkali atoms’ D1 transition in the optical
pumping process. Here, 2S1/2 and
2P1/2 represent ground
and first excited states, respectively, in the fine structure, and
through the hyperfine interaction between the electrons and
the nuclei, these levels are further split, with the splitting
∆S (∆P) for the
2S1/2 (
2P1/2 ) states. The pump laser (the
red arrow) with Rabi frequency Ω and detuning ∆ (with re-
spect to the frequency difference between the b = I − 1/2
ground and a = I + 1/2 excited states) induces transitions
between the ground and first excited states. (c) Ground state
Zeeman sublevels for cesium (I = 5/2), with magnetic num-
bers marked above/below each level. The energy difference
between two adjacent sublevels in the same multiplet is the
Larmor frequency ωL.
3batically eliminate the excited states in the weak-driving
limit and obtain an effective master equation in only the
ground-state subspace. It is shown that this effective
master equation can give the rate equations [28] used in
many contexts. And when the energy-level broadening of
the excited states is much larger than the hyperfine split-
tings ∆P and ∆S, the light-matter interaction is reduced
to a dissipation term that consists of only the electronic
spin operators [16], leading to the spin temperature dis-
tribution. In section IV, we study the linear response of
the alkali atoms to the small transverse oscillating mag-
netic field, both analytically and numerically, showing
good agreement between the theoretical predictions and
experimental data on both the light shift and line width
in a wide frequency regime of the pump laser. Finally,
in section V, we summarize our work and show other
possible applications of the effective master equation.
II. FULL MASTER EQUATION DESCRIPTION
In this section, we give the full master equation depict-
ing the time evolution of the density matrix ρ (t) of the
alkali atoms. This master equation involves all the en-
ergy levels in the ground state and the first excited states
[10, 12], which can be written as a sum of four Lindblad
operators,
∂tρ =
4∑
n=1
L(n)ρ, (1)
each coming from a different interaction. The first Lind-
blad term describes the light-matter interaction. With-
out lost of generality, we assume the pump laser is prop-
agating parallel to the magnetic field’s direction, which
defines the magnetic numbers of the hyperfine states, and
is left-handed circularly polarized. But this can be easily
generalized to the opposite case, i.e., a parallel propagat-
ing laser with right-handed circular polarization. This
will not change the conclusion of this paper. With the
left-handed circularly polarized pump laser, the light-
matter interaction contributes to the master equation as
L(1)ρ = −i [Hlm, ρ] +
Γsd
∑
l=0,±1
(
|s〉 〈pl| ρ |pl〉 〈s| − 1
2
{ρ, |pl〉 〈pl|}
)
,(2)
where Γsd is the spontaneous decay rate resulting from
the interaction between the alkali atoms and light in the
free space; |s〉 and |pl〉 are the electron’s orbital states 1s
and 2p, respectively; and l in |pl〉 is its quantum magnetic
number. The Hamiltonian Hlm depicting the coupling
between the pump beam and the alkali atoms is written
in the rotating frame with respect to the laser’s frequency
as
Hlm = Ω
′ (|s〉 〈p1|+ |p1〉 〈s|) , (3)
where Ω′ is the Rabi frequency, and the dipole and
rotating-wave approximations [25, 26] are used. The
radiation trapping [29] effect is not included, since the
quenching [17] gas can largely remove it.
The second Lindblad operator depicts the alkali atoms’
energy levels and their Zeeman splitting due to the static
magnetic field ~B0 = Bz eˆz:
L(2)ρ = −i [Hhf +HZee, ρ] , (4)
where
Hhf =
∑
M
∆s |saM〉 〈saM | −∆p |pbM〉 〈pbM |
+∆
∑
F=a,b
|pFM〉 〈pFM | (5)
gives the hyperfine structures and
HZee =
∑
F=a,b
∑
M
Mω
F
|sFM〉 〈sFM | (6)
gives the Zeeman splitting. Here, |sF/pFM〉 is the hyper-
fine state in the 1s (|sFM〉) or 1p (|pFM〉, whose ener-
gies have been shifted with respect to the pump beam’s
frequency) orbital, with the total angular momentum
F = a, b and its projection in the z-direction M . In
HZee, ωa = −ωb = γeBz/(2I+1) ≡ ωL is the Larmor fre-
quency of the atom, where γe is the gyromagnetic ratio
of the electron. Note that only the linear Zeeman split-
ting in the ground states has been considered, since other
interactions with the magnetic field, such as the nonlin-
ear Zeeman interaction for Bz = 0.1G and the Zeeman
splitting in the excited states, are too small to affect the
result.
Since there are many alkali atoms and there is much
buffer gas (nitrogen in the experiment) in the heated
atomic cell, collisions between atoms must be taken into
account, resulting in dissipation in the master equation
as
L(3)ρ = γ
(
S · ρ S− 1
2
{ρ,S · S}
)
+
1
2
γse 〈Sz〉 (S+ρS− − S−ρS+ + {ρ, Sz})
+
1
2
γse 〈S+〉
(
S−ρSz − SzρS− + 1
2
{ρ, S−}
)
+ H.c.
+Γpb
∑
m=0,±1
AmρA
†
j −
1
2
{
ρ,A†mAm
}
, (7)
where S is the electronic spin operator in the ground
state, S± = Sx ± iSy is the spin raising/lowering opera-
tor, γse is the spin exchange rate coming from collisions
between alkali atoms, and γ = γse+γsd is the total relax-
ation rate with the spin destruction rate γsd coming from
collisions between alkali atoms and nitrogen molecules.
In addition to spin relaxation, the collisions also cause
line broadening of the excited states, with Γpb being the
pressure broadening of the 2P1/2 states due to collisions
4of the alkali atoms with the nitrogen molecules. During
such a collision, the alkali atom in excited states decays
to the ground states by transferring its momentum to
the nitrogen molecule’s angular momentum, rather than
emitting photons. In L(3), the jump operators Am are
defined as
A0 =
∑
m=±1/2
∣∣2S1/2,m〉 〈2P1/2,m∣∣ , (8)
A±1 =
∣∣∣∣2S1/2,∓12
〉〈
2P1/2,±1
2
∣∣∣∣ . (9)
It can be shown straightforwardly from L(3)ρ that the
spin exchange interaction does not change the mean val-
ues of the spins, i.e., ∂
(3)
t 〈S〉 = 0 if we set γsd = 0 and
Γpb = 0, while the spin destruction interaction exponen-
tially decreases the spin’s mean values, i.e., ∂
(3)
t 〈S〉 =
−γsd 〈S〉 if we set γse = 0 and Γpb = 0. Here, the time
derivative ∂
(3)
t means we consider only L(3)ρ in the time
evolution of the density matrix: ∂
(3)
t ρ = L(3)ρ.
To measure the precession frequency, a small oscillat-
ing magnetic field Bxeˆx cosωt along the x-direction, with
amplitude Bx and frequency ω, is applied, leading to a
time-dependent term in the master equation,
L(4)ρ = −iγeBx cosωt [Sx, ρ] . (10)
Note that the dimension of the superspace [10, 12, 26]
of the full master equation is 4 (4I + 2)
2
, i.e., there are
4 (4I + 2)
2
coupled nonlinear equations to be solved,
hence the numerical simulation consumes much time and
power. In any case, the physics cannot be revealed in
such a big set of nonlinear equations. Therefore, we will
simplify this master equation by adiabatically eliminat-
ing the excited states.
III. EFFECTIVE MASTER EQUATION IN THE
GROUND-STATE SUBSPACE
To gain physical insights and accelerate the calcula-
tions, we will adiabatically eliminate the excited states
in the weak-driving limit in the master equation, where
the coupling strength between the ground and excited
states is much smaller than the energy-level broadening
of the corresponding excited state, i.e., Ω ≡ √2/3Ω′ 
Γsd/2+Γpb, which has been shown in many experiments.
Furthermore, when γeBx  γ, we can apply linear re-
sponse theory [27] and consider the effect of the trans-
verse field at the very end. Therefore, in this case we will
drop the Lindblad term L(4)ρ in the master equation.
Adiabatic elimination in the master equation is com-
mon in quantum optics when working with open sys-
tems [26, 30, 31]. There are several ways to accom-
plish adiabatic elimination. For example, one can uti-
lize a generating function, as is commonly done in the
Fro¨hlich transformation [32], but in the superspace, adi-
abatic elimination is usually performed in the motion
equations [26, 30, 31]. Here, we apply the latter to the
alkali-metal-vapor atomic systems. Following the stan-
dard procedure, we first define two projection operators
P and Q = 1−P, where P projects any given operators
in the Hilbert space or vectors in the superspace to the
ground-state subspace. For instance, when performing in
the density matrix, Pρ gives
Pρ =
∑
FMF ′M ′
〈sFM | ρ |sF ′M ′〉 |sFM〉 〈sF ′M ′| . (11)
Next, we write the full master equation (1) in the P-
and Q-spaces and adiabatically eliminate the Q-space,
acquiring an effective master equation in the P-space.
For this purpose, we separate the Lindblad operators in
the full master equation (1) into two parts,
∂tρ = (L0 + L1) ρ, (12)
where
L1ρ ≡ −i [Hlm, ρ] (13)
is the perturbation that couples the P-space to the Q-
space and L0ρ =
(∑3
n=1 L(n) − L1
)
ρ is the zeroth order
term. Noting that P+Q = 1, QL0P = 0, and PL0P = 0,
we can write the density matrix’s evolution in the P- and
Q-spaces respectively as
∂tPρ = PL0Pρ+ PL0Qρ+ PL1Qρ, (14)
∂tQρ = QL0Qρ+QL1Pρ+QL1Qρ. (15)
To adiabatically eliminate the Q-space, we solve Qρ from
Eq. (15) and substitute it in Eq. (14). The solution for
Qρ in Eq. (15) is
Qρ (t) =
∫ t
0
eQ(L0+L1)(t−t
′)QL1Pρ (t′) dt′, (16)
where we assume an initial condition Qρ (0) = 0. This
assumption shows that the system is initially in the P-
space, which is reasonable, since before the interaction
with the pump laser, the steady state of the system is in
the P-space. Then, substituting this solution of Qρ (t)
in Eq. (14), for the second order of L1, we acquire the
density matrix in the ground-state subspace,
∂tPρ (t) ≈ PL0Pρ (t) + PL1
∫ t
0
eQ L0(t−t
′)QL1Pρ (t) dt′
+PL0
∫ t
0
eQL0(t−t
′)(1 +∫ t−t′
0
dt′′e−QL0t
′′QL1eQL0t′′)QL1Pρ (t) dt′,(17)
5where we have applied the Born-Markov approximation
[25, 26] to replace ρ (t′) by ρ (t) in the integral and ex-
tend the upper limit t in the integration to +∞. The
Born-Markov approximation has been verified in many
quantum open systems [25, 26], given that the exponent
eL0t decays on a time scale much smaller than that of
Pρ (t), which is the case in our system.
After straightforward calculations using the concrete
expressions of L0 and L1, the effective master equation
in the ground-state subspace is
∂tρg = −i [Hhf +HZee, ρg] + γ
(
S · ρg S− 1
2
{ρg,S · S}
)
+
1
2
γse 〈Sz〉 (S+ρgS− − S−ρgS+ + {ρg, Sz}) + 1
2
γse 〈S+〉
(
S−ρgSz − SzρgS− + 1
2
{ρg, S−}
)
+ H.c.
+
3∑
n=1
∑
FMF ′M ′
[
Γ
(n)
FMF ′M ′J
(n)
FF ′MρgJ
(n)†
FF ′M ′
]
−
∑
FMM ′
(ΓFM + Γ
∗
FM ′) JFMρgJFM ′ (18)
where ρg = Pρ (t) is the density matrix in the ground-
state subspace, the jump operators J
(n)
FF ′M are
J
(1)
FF ′M = |F ′,M + 1〉 〈FM | , (19)
J
(2)
FF ′M = |F ′M〉 〈FM | , (20)
J
(3)
FF ′M = |F ′,M + 2〉 〈FM | , (21)
the operator JFM is
JFM = |FM〉 〈FM | , (22)
and the pump-laser-induced relaxation rates are
Γ
(1)
FMF ′M ′ =
ΓpbΩ
2∣∣∣∆˜FF ′ ∣∣∣2 g2;FMFM ′g1;F ′M+1,F ′M ′+1, (23)
Γ
(2)
FMF ′M ′ = g2;FMFM ′g2;F ′MF ′M ′
∑
F1F2
Ω2Γpb
∆˜FF1∆˜
∗
FF2
g21;F1M+1,F2M ′+1, (24)
Γ
(3)
FMF ′M ′ = g2;FMFM ′g1;F ′M+2,F ′M ′+2
∑
F1F2
Ω2Γpb
∆˜FF1∆˜
∗
FF2
g1;F1M+1,F2M ′+1g2;F1M+1,F2M ′+1, (25)
Γ
(4)
FM =
∑
F ′
Ω2
∆˜FF ′
g2;FMFMg1;F ′M+1,F ′M+1, (26)
with the coefficients
gn,FMF ′M ′ = CGF (n,M)CGF ′ (n,M ′) (27)
and
∆˜FF ′ = ∆FF ′ − iΓpb. (28)
Here, CGF (n,M) , n = 1, 2, are the Clebsch-Gordan
coefficients, defined as
CGF (n,M) =
〈
I,M − (−)
n−1
2
;
1
2
,
(−)n−1
2
∣∣∣∣∣FM
〉
,
(29)
6and ∆aa = ∆−∆s, ∆ab = ∆−∆s −∆p, ∆ba = ∆, and
∆bb = ∆−∆p are the energy differences. These energy
differences ∆FF ′ are the detunings between the pump
laser’s frequency and the transition frequency between
the ground state in the F multiplet and the excited state
in the F ′ multiplet. We also define the corresponding
effective detunings ∆˜FF ′ , given that each excited state
“gains” an imaginary energy −iΓpb representing its en-
ergy level broadening. Note that we simplify the deriva-
tion of Eq. (18) by assuming the hyperfine splitting ∆s is
much larger than the (effective) decay rates, which is the
case for most alkali-vapor atomic magnetometers, such
that the coherence between the a and b multiplets, as
well as the contribution to the effective detuning ∆˜FF ′
from the electronic spin relaxation and the Zeeman split-
ting, can be neglected. Moreover, we assume that the
spontaneous decay rate is much smaller than the pres-
sure broadening, Γsd/2  Γ ≡ Γpb, which occurs in
atomic vapors with high pressure buffer gas. Thus the
spontaneous decay term can be neglected in the master
equation. When the condition Γsd/2  Γpb is not met,
we can obtain a similar effective master equation in which
the effective decay rates Γ
(j=1,2,3)
FMF ′M ′ and Γ
4
FM are slightly
different.
The effective master equation (18) is valid in an exten-
sive parameter regime. In particular, when the energy
splittings ∆s and ∆p are both much smaller than the ex-
cited states’ energy broadening Γ, the master equation
can be written in the compact form [16]
∂tρg =
(
L(2) + L(3)
)
ρg
+ΓOP
[
S+ρgS− + SzρgSz +
1
2
{Sz, ρg} − 3
4
ρg
]
−i∆LS [Sz, ρg] , (30)
where
ΓOP =
η2Γ
Γ2 + ∆2
(31)
is the optical pumping rate and
∆LS =
−η2∆
Γ2 + ∆2
(32)
is the light shift. This master equation (30) gives the
Bloch equations and the spin temperature distribution [6,
16], where populations in states with the same magnetic
number M are the same.
In an extensive parameter regime, including when the
condition ∆s,p  Γpb is not met, one can use the general
master equation (18) we have derived. It can be shown
in (18) that when the coherence between the two mul-
tiplets a and b in the spin relaxation term are ignored,
the diagonal elements of the density matrix ρg are de-
coupled from the diagonal ones. As a result, we obtain
the rate equations [28], i.e., the evolution of the diag-
onal elements of the density matrix. In this case, only
the diagonal terms are non-vanishing in the steady-state
solution to the master equation, i.e., the polarization is
along the z-direction and the mean values 〈S±〉 in L(3)
are zero. This reduces the number of coupled nonlinear
equations from 4 (4I + 2)
2
to 4I + 2, and speeds up the
numerical calculation.
In the experiment [19] with cesium atoms, whose nu-
clear spin is 7/2 and energy splittings are ∆S = 9.193
GHz and ∆P = 1.168 GHz, the atomic cell is cubic,
with inner size 4 × 4 × 4mm3, and is heated to 90 Cel-
sius. The power of the pump beam is 700 µW, with
right-handed circular polarization. The magnetic field
B0 = 0.1G along the z-direction. Thus the atoms are
mostly pumped to states with negative magnetic num-
bers, and the polarization is negative. This is equivalent
to a left-handed circularly polarized pump laser propa-
gating antiparallel to the direction of the magnetic field.
In this case, we only need to change B0 to −B0 in the ef-
fective master equation (18), while keeping the definition
of the z-direction that defines the magnetic states. With
the Rabi frequency Ω = 4.1 MHz, spin exchange rate
γse = 1.31 KHz, total spin relaxation rate γ = 1.53 KHz,
and excited states’ energy broadening Γ = 0.6 GHz for
the 100 torr nitrogen case, while γ = 1.65vKHz, Γ = 4.2
GHz for the 700 torr nitrogen case, we numerically solve
the master equation (18) for ρg in the long term limit.
With the steady-state solution ρ
(0)
g , where ρ
(0)
g satis-
fies the effective master equation (18) and ∂tρ
(0)
g = 0,
the electronic spin polarization 〈Sz〉 as a function of the
detuning ∆ is plotted in Fig. 2. For the 100 torr nitro-
gen case, two peaks, corresponding to ∆ ≈ 0 (marked
by circle (a)) and ∆aa ≈ 0 (marked by circle (c)), are
shown in the polarization curve, corresponding to two
pump frequencies resonant with the transition frequen-
cies between the a/b mutiplets and the excited states.
However, for the 700 torr nitrogen case, these two peaks
(marked by circles (b) and (d)) cannot be distinguished
because of the large energy level broadening Γ of the ex-
cited states. Comparing the polarizations at these four
circles in Fig. 2, we see that the polarization in (a) is
larger than in (b), while the polarization in (c) is smaller
than in (d). This is because the effective optical pump-
ing rates Γ
(j=1,3)
FMF ′M ′ are inversely proportional to Γ. (We
note that the optical pumping process is generally com-
plicated, as shown in Eq. (18), and there does not exist
a simple optical pumping rate, as shown in Eq. (31).) In
(a) and (b), ∆ = 0 and the ground state with F = 3 are
more efficiently pumped and depleted, leaving the atoms
mostly in the F = 4 states, which contribute more to the
electrons’ polarization. Thus the larger the energy level
broadening Γ the smaller the polarization. However, in
(c) and (d), ∆aa = 0 and the F = 4 ground states are
more efficiently pumped, leaving the atoms populating
the F = 4 states less than in cases (a) and (b). There-
fore, the larger Γ causes more polarization. To verify this,
we plotted the ground state populations, i.e., the diag-
onal terms of the density matrix in Fig. 3, for the four
resonant cases (a)-(d) marked in Fig. 2. Fig. 3 shows that
7-5 0 5 10 15
0.1
0.3
0.5 (a)
(d)
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FIG. 2. Electron polarizations for cesium atoms in the steady-
state solution to the effective master equation in the ground
state subspace, as functions of the pump beam’s detuning ∆.
For a smaller decay rate (100 torr, blue line) of the excited
state such that Γ ∆S, there are two peaks in the electron’s
polarization, around two resonant frequencies ∆ = 0 (point
(a)) and ∆aa = 0 (point (c)). In the 700 torr case (red line),
the decay rate Γ is comparable to ∆S. Therefore, the two
polarization peaks around the two frequencies ((b) and (d))
cannot be distinguished. The populations in the ground states
at these four points (a)-(d) are plotted in Fig. 3.
the populations in the F = 4 ground states are larger in
(a) and (d), compared with those in (b) and (c), respec-
tively. Moreover, in each case, the populations in states
|4,m〉 and |3,m〉 are different, especially when m = 3,
which is shown explicitly in the figures. Thus the spin
temperature distribution [6, 16] is not valid.
Having solved the steady-state solution ρ
(0)
g , we will
study the light shift and line width acquired from the
linear response [27] of the atoms to an oscillating trans-
verse magnetic field.
IV. FREQUENCY-DEPENDENT LIGHT-SHIFT
REDUCTION AND LIGHT NARROWING
In the presence of the oscillating magnetic field
Bxeˆx cosωt in the x-direction, where γeBx (Bx = 3nT
in the experiment) is much smaller than the decay rate
γ or Γ
(n)
FMF ′M ′ , the master equation can be written as
∂tρg = L¯0ρg + L¯1ρg, (33)
-4 -3 -2 -1 0 1 2 3 4
0
1
-4 -3 -2 -1 0 1 2 3 4
0
1
-3 -2 -1 0 1 2 3
0
1
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-3-2-1 0 1 2 3
0
1
-3-2-1 0 1 2 3
0
1
-4-3-2-1 0 1 2 3 4
0
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0
1
(b) 700Torr, =0(a) 100Torr, =0
(c) 100Torr, 
aa
=0 (d) 700Torr, 
aa
=0
FIG. 3. Population distribution in the hyperfine states at two
resonant frequencies ∆ = 0 ((a) and (b)) and ∆aa = 0 ((c)
and (d)), for different energy level broadening Γ of the excited
state, corresponding to the four points in Fig. 2. When the
lower ground states with F = 3 are pumped (∆ = 0), the
smaller the decay rate Γ the smaller the population in the
F = 3 states. However, when the upper states with F = 4
are pumped (∆aa = 0), a smaller Γ gives a larger population
in the F = 3 states. Note that the populations in states |4,m〉
and |3,m〉 are different, especially when m = 3. Thus the spin
temperature distribution is not valid.
where
L¯0ρg = −i [Hhf +HZee, ρg]
+γ
(
S · ρg S− 1
2
{ρg,S · S}
)
+
1
2
γse 〈Sz〉 (S+ρgS− − S−ρgS+ + {ρg, Sz})
+
3∑
n=1
∑
FMF ′M ′
[
Γ
(n)
FMF ′M ′J
(n)
FF ′MρgJ
(n)†
FF ′M ′
]
−
∑
FMM ′
(ΓFM + Γ
∗
FM ′) JFMρgJFM ′ (34)
is the zero-order term, and
L¯1ρg = 1
2
γse 〈S+〉
(
S−ρgSz − SzρgS− + 1
2
{ρg, S−}
)
+H.c. + L(4)ρg (35)
is the first-order perturbation. Here, the zero-order
Lindblad operator L¯0 is different from the right side of
Eq. (18) regarding the terms containing 〈S±〉, since 〈S±〉
is zero from the zero-order solution ρ
(0)
g . That is, the
polarization in directions other than the z-direction is
induced by the magnetic field Bxeˆx cosωt. As a result,
8the terms with 〈S±〉 are perturbations and it is in L¯1
rather than in L¯0.
To the first order of L¯1, ρg in the long-term limit has
three parts:
ρg = ρ
(0)
g + ρ
(+)
g e
iωt + ρ(−)g e
−iωt, (36)
where ρ
(0)
g was obtained above by solving the equation
L¯0ρ(0)g = 0; ρ(+)g is the positive-frequency part of ρg that
fulfills (L¯0 − iω) ρ(+)g + L¯(+)1 ρ(0)g = 0, (37)
with its positive-frequency Lindblad operator L¯(+)1 de-
fined as
L¯(+)1 ρ(0)g = −
i
2
γeBx
[
Sx, ρ
(0)
g
]
+
1
2
γseTr
[
S+ρ
(+)
g
]
×
(
S−ρ(0)g Sz − Szρ(0)g S− +
1
2
{
ρ(0)g , S−
})
+H.c.; (38)
and the negative-frequency part ρ
(−)
g = ρ
(+)†
g to en-
sure the Hermitian of the density matrix ρg. Note that
L¯(+)1 is dependent on ρ(+)g through the mean value 〈S+〉.
Therefore, L¯(+)1 ρ(0)g can be decomposed to two parts:
L¯(+)1 ρ(0)g = L¯(+)0 ρ(+)g + L¯′(+)1 ρ(0)g , where
L¯′(+)1 ρ(0)g = −
i
2
γeBx
[
Sx, ρ
(0)
g
]
,
and L¯(+)0 contains ρ(0)g but not ρ(+)g . As a result, the
solution of ρ
(+)
g is
ρ(+)g = −
(
L¯0 + L¯(+)0 − iω
)−1
L¯′(+)1 ρ(0)g . (39)
Consequently, the electrons’ polarization in the x-
direction can be written as
〈Sx (t)〉 = Re
〈
S+x
〉
cosωt− Im 〈S+x 〉 sinωt, (40)
where 〈S+x 〉 = 2Tr
[
Sxρ
(+)
g
]
. Here, 〈S+x 〉 is a function of
ω. In the experiment, the measured Larmor frequency ωL
is determined by the zero-crossing ω0 of Re〈S+x 〉, and the
line width w is defined as half the difference between fre-
quencies corresponding to the maximum and minimum of
Re〈S+x 〉.
As shown in Sec. III, there are only diagonal terms
in the steady-state ρ
(0)
g . Thus, in the superspace [10,
12, 26], L¯′(+)1 ρ(0)g is a column vector in the subspace
{|FM〉 〈FM ± 1|}, and L¯0 + L¯(+)0 is a matrix that does
not couple this subspace {|FM〉 〈FM ± 1|} to the oth-
ers. In general, the zero-crossing ω0 and the line width
w are obtained by diagonalizing the matrix L¯0 + L¯(+)0 ,
which can only be done numerically. But to acquire an
intuitive picture, we can analyze the diagonal terms of
L¯0 + L¯(+)0 .
When the Larmor frequency ωL is much larger than
the dissipation rates that contribute to the real parts
of the eigenvalues of L¯0 + L¯(+)0 , the zeros-crossing ω0
will be around ±ωL, the eigenvalues of iL(2) in the sub-
space {|FM〉 〈FM ± 1|}. Here, we focus on ω around
the positive frequency ωL, corresponding to the sub-
space {|aM〉 〈a,M + 1| , |bM〉 〈b,M − 1|} (the coherence
between states with different F has been ignored, for
the same reason as in Sec. III.). Especially, when the
atoms mainly populate the state |aa〉, the most weighted
diagonal element of L¯0 + L¯(+)0 is iω˜ − γ˜ in the basis
|a, a− 1〉 〈aa|, where the frequency
ω˜ = ωL +
1
2I + 1
Ω2∆aa
Γ2 + ∆2aa
(41)
and the line broadening
γ˜ =
Ω2
2I + 1
Γ
Γ2 + ∆2aa
+
I + 1
2I + 1
γ
− 1
2I + 1
γex − 2I
2I + 1
γex 〈Sz〉 . (42)
In the light-narrowing regime with ∆ ≈ 0, ω˜ can be ap-
proximated in the vicinity of this resonant frequency as
ω˜ = ωL − 1
2I + 1
Ω2∆s
Γ2 + ∆2s
+ δω, (43)
where
δω =
1
2I + 1
Ω2∆
Γ2 + ∆2s
(44)
is the frequency-dependent light shift that leads to mea-
surement inaccuracy if the pump laser’s frequency fluc-
tuates. Because of the large hyperfine splitting ∆s,
the frequency-dependent light shift δω can be strongly
reduced. Futhermore, for fully polarized atoms, i.e.,
〈Sz〉 = 1/2, the line width
γ˜ =
Ω2
2I + 1
Γ
Γ2 + ∆2aa
+
I + 1
2I + 1
γsd, (45)
and the spin-exchange relaxation does not contribute to
the line width, which makes perfect line narrowing [20,
21] possible.
The Lorentzian light shift δω in Eq. (44) is actually
the AC Stark shift. It gives an intuitive picture of why
the light shift is reduced in the light-narrowing regime.
But, as shown in L¯0 + L¯(+)0 in Eq. (39), each pair of
adjacent magnetic levels has its own precession frequency
(the imaginary part of the diagonal terms of L¯0 + L¯(+)0 ),
and they are all coupled (the non-zero off-diagonal terms
of L¯0 + L¯(+)0 ). Thus the total light shift is generally not
a single Lorentzian or a sum of several Lorentzians. To
obtain the exact result, we numerically solve Eq. (39)
and search for the zero-crossing ω0 and the line width w.
The numerical results, which are shown in Fig. 4, with
9the same parameters as in Fig. 2, agree well with the
experimental data. For the light shift shown in Fig. 4(a),
in both the 100 and 700 torr cases, in the vicinity of
the frequency ∆ = ∆S (∆aa ≈ 0), where the F = a
ground states are pumped, the blue lines have two (100
torr) or one (700 torr) zero-crossings, corresponding to
the resonant frequencies, and the light shift changes much
while the frequency varies. However, when ∆ is around
0, i.e., when the F = b ground states are pumped, no
zero-crossing appears in the blue lines and the frequency-
dependent light shift is highly reduced. The line width
shown in 4(b) has a dip around the frequency ∆ = 0.
This is the light-narrowing effect. Note that at a large
detuning limit (−5 and 15 GHz, for instance), the light’s
effect tends to vanish. As a result, at infinite detunings,
the light shift goes to zero and the line width tends to
be a constant, independent of the pump beam’s Rabi
frequency Ω, its detuning ∆, or the excited states’ decay
rate Γ [33].
V. CONCLUSIONS AND OUTLOOK
We have studied in detail the mechanism of the light
shift and light-narrowing effects in alkali-metal-vapor
magnetometers. Starting from the full master equa-
tion for the alkali atom’s density matrix, we acquire
the effective master equation in the ground-state sub-
space by adiabatically eliminating the excited states in
the weak-driving limit. This effective master equation
cannot only save power and time for the numerical cal-
culations, but can reveal the intuitive picture of the
frequency-dependent light-shift reduction: in the light-
narrowing regime, the F = b ground states are depleted
by the pump laser, and the atoms mostly populate the
F = a states. As a result, the light shift is reduced since
the pump beam’s frequency is largely detuned from the
transition frequency between the most populated ground
states (F = a) and the excited states. We compare the
theoretical results to the experimental data, and find they
agree for both the light shift and line width.
We note that the effective master equation we have ob-
tained is general and is valid in an extensive parameter
regime for alkali-vapor magnetometers. Particularly, it
can lead to the spin temperature distribution in the limit
that the hyperfine splittings in both the ground and ex-
cited states can be ignored when the broadening of the
excited states is much larger than them. Since it con-
sumes little time and power to solve this effective master
equation, one can use it to quickly explore a large pa-
rameter regime to optimize the physical properties. For
example, with a smaller decay rate Γ = 0.2 GHz and
Rabi frequency Ω = 0.5 MHz, while other parameters
are the same as in Fig. 2 for the 100 torr nitrogen case,
the light shift and line width are acquired and shown
in Fig. 5. Here, more peaks and zero-crossings can be
distinguished, corresponding to four resonant frequencies
∆FF′ = 0 with F , F
′ = 3, 4.
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FIG. 4. Light shift (a) and line width (b) for the 100 torr
and 700 torr nitrogen cases as functions of the pump beam’s
detuning ∆ (the legend in (b) is the same as in (a)). The
theoretical results are shown by the lines, and the experimen-
tal data are shown by circles with corresponding colors (the
experimental data have been calibrated so that the light shift
at infinite detuning is zero). Both the theoretical and exper-
imental results show that the light shift’s dependence on the
pump laser’s frequency is largely reduced around the reso-
nant point ∆, especially compared to the light shift around
∆aa = 0. In this light-shift-reduced regime, the line width is
narrowed, as shown in (b).
Besides the application shown in this paper, the ef-
fective master equation is also applicable to many other
topics, such as the study of heading errors [34, 35], and
light propagation in an atomic vapor.
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FIG. 5. Light shift (black line) and line width (red line) for
Γ = 0.2 GHz and Ω = 0.5 MHz, with other parameters the
same as the 100 torr nitrogen case in the cesium vapor exper-
iment. With smaller Γ and Ω, more peaks and zero-crossings
are shown in both the light shift and line width.
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